Abstract: Generalizing the famous 14-set closure-complement Theorem of Kuratowski from 1922, we prove that for a set X endowed with n pairwise comparable topologies τ ⊂ · · · ⊂ τn, by repeated application of the operations of complement and closure in the topologies τ , . . . , τn to a subset A ⊂ X we can obtain at most K(n) = n i,j= i+j i i+j j distinct sets.
Introduction
This paper was motivated by the famous Kuratowski 14-set closure-complement Theorem [4] , which says that the repeated application of the operations of closure and complement to a subset A of a topological space X yields at most 14 pairwise distinct sets¹. More precisely, this theorem says that for any topological space (X, τ) the operators of complement c : P(X) → P(X), c : A → X \ A and closureτ : P(X) → P(X),τ : A →Ā, generate a submonoid c,τ of cardinality ≤ in the monoid P(X)
of all self-maps of the power-set P(X) of X. The structure of this monoid was studied in [2] , [3] , [5] , [7] .
In [6] Shallitt and Willard constructed two commuting closure operators p, q : P(X) → P(X) on the power-set P(X) of a countable set X such that the submonoid p, q, c ⊂ P(X) P(X) generated by these closure operators and the operator of complement is in nite. In Example 3.1 below we shall de ne two metrizable topologies τ and τ on a countable set X such that the closure operatorsτ andτ in the topologies τ and τ generate an in nite submonoid τ ,τ in the monoid P(X) and Sorgenfrey topologies. Another natural example of a polytopological space is any Banach space, carrying the norm and weak topologies. A dual Banach space is an example of a polytopological space carrying three topologies: the norm topology, the weak topology and the *-weak topology. A topological space (X, τ) can be thought as a polytopological space (X, {τ}) endowed with the family {τ} consisting of a single topology τ.
For a topology τ on a set X byτ : P(X) → P(X) andτ : P(X) → P(X) we shall denote the operators of taking the interior and closure with respect to the topology τ. These operators assign to each subset A ⊂ X its interiorτ(A) and closureτ(A), respectively. Since τ = {τ(A) : A ⊂ X} = {X \τ(A) : A ⊂ X} the topology τ can be recovered from the operatorsτ andτ.
For a multitopological space X = (X, T) the submonoid K(X) = τ,τ : τ ∈ T in P(X) P(X) generated by the interior and closure operatorsτ,τ for τ ∈ T, will be called the Kuratowski monoid of the multitopological space X. A somewhat larger submonoid K (X) = c,τ : τ ∈ T in P(X) P(X) generated by the operator of complement c and the closure operatorsτ, τ ∈ T, will be called the full Kuratowski monoid of the multitopological space X.
Taking into account thatτ = c •τ • c andτ = c •τ • c, we see that K(X) ⊂ K (X) and moreover,
which implies that |K (X)| ≤ · |K(X)|.
The notion of a multitopological space has one disadvantage: multitopological spaces do not form a category (it is not clear what to understand under a morphism of multitopological spaces). This problem with multitopological spaces can be easily xed by introducing their parametric version called L-topological spaces where (L, ≤) is a partially ordered set.
Given a subset X we denote by Top(X) the family of all possible topologies on X, partially ordered by the inclusion relation. The family Top(X) is a lattice whose smallest element is the anti-discrete topology τa and the largest element is the discrete topology τ d on X. Observe that for the discrete topology the operatorsτ d andτ d coincide with the identity operator X on P(X).
Let (L, ≤) be a partially ordered set. By de nition, an L-topology on a set X is any monotone map τ : L → Top(X). The monotonicity of τ means that for any elements i ≤ j in L we get τ(i) ⊂ τ(j). In the sequel for an element i ∈ L it will be convenient to denote the topology τ(i) by τ i . By an L-topological space we shall understand a pair (X, τ) consisting of a set X and an L-topology τ : L → Top(X) on X.
By a morphism between two L-topological spaces (X, τ) and (Y , σ) we understand a map f : X → Y which is continuous as a map between topological spaces (X, τ i ) and (Y , σ i ) for every i ∈ L. L-Topological spaces and their morphisms form a category called the category of L-topological spaces. Each L-topological space X = (X, τ) can be thought as a multitopological space endowed with the family of topologies {τ i } i∈L . If the set L is linearly ordered, then the multitopological space (X, {τ i } i∈L ) is polytopological.
So we can speak about the Kuratowski monoid K(X) and the full Kuratowski monoid K (X) of an Ltopological space X.
We shall be especially interested in (full) Kuratowski monoids of n-topological spaces where n = { , . . . , n − } is a nite non-zero ordinal (or a natural number). Observe that n-topological spaces can be thought as sets endowed with n-topologies τ ⊂ τ ⊂ · · · ⊂ τ n− .
We shall prove that the upper bound for the cardinality of the Kuratowski monoid K(X) of an n-topological space X is given by the number K(n) = is the binomial coe cient. The main result of this paper is the following theorem.
Theorem 1.1. For any n-topological space X = (X, T) its Kuratowski monoid K(X) has cardinality |K(X)| ≤ K(n) and its full Kuratowski monoid K (X) has cardinality |K (X)| ≤ · K(n).
The upper bounds |K(X)| ≤ K(n) and |K (X)| ≤ · K(n) given in Theorem 1.1 are exact as shown in our next theorem.
Theorem 1.2. For every natural number n there exists an n-topological space
This theorem will be proved in Section 8 (see Corollary 8.2). The asymptotics of the sequence K(n) is described in the following theorem, which will be proved in Section 6.
The values of the sequences K(n) and K(n) for n ≤ , calculated with help of computer are presented in the following table:
In particular, the Kuratowski monoid K(X) of any topological space X = (X, τ) consists of 7 elements (some of which can coincide [2] ):
,τ,τ,ττ,ττ,τττ,τττ.
For a 2-topological space X = (X, τ) endowed with two topologies τ ⊂ τ the number of elements of the Kuratowski monoid K(X) increases to 63 (see Proposition 9.2):
,τ ,τ ,τ ,τ , τ τ ,τ τ ,τ τ ,τ τ ,τ τ ,τ τ ,τ τ ,τ τ , τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ , τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ ,τ τ τ , τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ , τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ ,τ τ τ τ , τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ , τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ ,τ τ τ τ τ , τ τ τ τ τ τ ,τ τ τ τ τ τ ,τ τ τ τ τ τ , τ τ τ τ τ τ ,τ τ τ τ τ τ ,τ τ τ τ τ τ , τ τ τ τ τ τ τ ,τ τ τ τ τ τ τ .
The Kuratowski monoid of a saturated polytopological space
In this section we introduce a class of n-topological spaces X = (X, T) whose Kuratowski monoids K(X) have cardinality strictly smaller than K(n).
A multitopological space (X, τ) is called saturated if for any topologies τ , τ ∈ T each non-empty open subset U ∈ τ has non-empty interior in the topology τ . A typical example of a saturated multitopological space is the real line R endowed with the 2-element family T = {τ , τ } consisting of the Euclidean and Sorgenfrey topologies τ ⊂ τ .
For a linearly ordered set L an L-topological space (X, τ) is de ned to be saturated if the multitopological space (X, {τ i } i∈L ) is saturated. Theorem 2.1. For a saturated polytopological space X = (X, T) the Kuratowski monoid K(X) coincides with the set { } ∪ {τ,τ,ττ,ττ,τττ,τττ : τ ∈ T} and hence has cardinality |K(X)| ≤ + · |T|.
Proof. We claim thatτ τ =τ τ for any topologies τ , τ ∈ T. Separately we consider two cases.
First we assume that τ ⊂ τ . Take any subset A ⊂ X and observe thatτ (A) ⊂τ (A) and hencē τ τ (A) ⊂τ τ (A). On the other hand, for any point x ∈τ τ (A) and any neighborhood Ux ∈ τ ⊂ τ of x the set W = Ux ∩τ (A) ∈ τ is not empty and open in the topology τ . Since the polytopological space (X, T) is saturated, the set W contains some non-empty open set V ∈ τ . Then V ⊂ W ⊂τ (A) ⊂ A and hence V ⊂τ (A) and V ⊂ Ux ∩τ (A), which implies that x ∈τ τ (A) and nallyτ τ (A) ⊂τ τ (A).
Next, assume that τ ⊂ τ . Take any subset A ⊂ X and observe thatτ (A) ⊂τ (A) and henceτ τ (A) ⊂ τ τ (A). On the other hand, for any point x ∈τ τ (A) and any neighborhood Ux ∈ τ of x the set W = Ux ∩τ (A) ∈ τ is not empty and open in the topology τ . Since the polytopological space (X, T) is saturated, the set W contains some non-empty open set V ∈ τ . Then V ⊂ W ⊂τ (A) ⊂ A and hence V ⊂τ (A) and V ⊂ Ux ∩τ (A), which implies x ∈τ τ (A) and nallyτ τ (A) ⊂τ τ (A).
So, in both cases we have proven the equalityτ τ =τ τ . Applying to this equality the operator c of taking complement, we get
This implies that
Example 2.2. Let X = (R, {τ , τ }) be the real line R endowed with the Euclidean topology τ and the Sorgenfrey topology τ . The Kuratowski monoid K(X) has cardinality |K(X)| = . Moreover, for some set A ⊂ R the family K(X)A = {f (A) : A ∈ K(X)} has cardinality |K(X)A| = |K(X)| = .
Proof. The upper bound |K(X)| ≤ follows from Theorem 2.1. To prove the lower bound |K(X)| ≥ , consider the subset
and observe that the following 13 subsets of R are pairwise distinct, witnessing that
Theorem 2.1 gives a partial answer to the following general problem.
Problem 2.3.
Which properties of a polytopological space X are re ected in the algebraic structure of its Kuratowski monoid K(X)?
Remark 2.4. For topological spaces this problem was studied in [1] and [2] .
An example of a multitopological space with in nite Kuratowski monoid
In this section we shall construct the following example announced in the introduction.
Example 3.1. There is a countable space X endowed with two (incomparable) metrizable topologies τ , τ such that the Kuratowski monoid K(X) of the multitopological space X = (X, {τ , τ }) is in nite. Moreover, for some set A ⊂ X the family {f (A) : f ∈ K(X)} is in nite.
Proof. Take any countable metrizable topological space X containing a decreasing sequence of non-empty subsets (Xn)n∈ω such that X = X, n∈ω Xn = ∅ and X n+ is nowhere dense in Xn for all n ∈ ω. To nd such a space X, take the convergent sequence S = { } ∪ { −n : n ∈ ω} ⊂ R, endowed with the subspace topology inherited from the real line, and consider the subspace 
have the required properties: X = X, n∈ω Xn = ∅ and X n+ is nowhere dense in Xn.
On the space X consider two topologies
Observe that τ coincides with the topology of the topological sum n∈ω X n \ X n+ while τ coincides with the topology of the topological sum
We claim that the multitopological space X = (X, {τ , τ }) has the required properties. Byτ ,τ : P(X) → P(X) we denote the closure operators in the topologies τ and τ , respectively. The nowhere density of X n+ in Xn for all n ∈ ω and the de nition of the topologies τ , τ imply that for every n ∈ ω
Therefore, for the set A = X \ X the sets (τ τ ) n (A), n ∈ ω, are pairwise distinct, which implies that the family {f (A) : f ∈ K(X)} is in nite and hence the Kuratowski monoid K(X) of the multitopological space X = (X, {τ , τ }) is in nite too.
Kuratowski monoids
To prove Theorem 1.1 we shall use the natural structure of partial order on the monoid P(X)
. For two maps f , g ∈ P(X)
for every subset A ⊂ X. This partial order turns P(X) into a partially ordered monoid.
By a partially ordered monoid we understand a monoid M endowed with a partial order ≤ which is compatible with the semigroup operation of M in the sense that for any points x, y, z ∈ M the inequality x ≤ y implies xz ≤ yz and zx ≤ zy. Recall that a monoid is a semigroup S possessing a two-sided unit ∈ S.
Observe that for two comparable topologies τ ⊂ τ on a set X we get τ ≤τ ≤ X ≤τ ≤τ where X : P(X) → P(X) is the identity transformation of P(X). Now we see that for a polytopological space X = (X, T) its Kuratowski monoid K(X) = τ,τ : τ ∈ T is generated by the linearly ordered set
This leads to the following For two numbers n, p ∈ ω consider the number
It is easy to see that for each polytopological space X = (X, T) endowed with n = |T| topologies, its Kuratowski monoid K(X) is a Kuratowski monoid of type (n, n) or (n − , n − ). The latter case happens if the polytopology T of X contains the discrete topology τ d on X. In this caseτ d = X =τ d .
Now we see that Theorem 1.1 is a partial case of the following more general theorem, which will be proved in Section 7 (more precisely, in Theorem 7.1). By V ∓ (resp. V±, W−, W+) we denote the family of all V ∓ -words (resp. V±-words, W−-word, W+-words) in the alphabet L. It is easy to see that the families of words V ∓ , V±, W−, W+ are pairwise disjoint. Words that belong to the set
Let us calculate the cardinality of the set K L depending on the cardinalities n = |L−| and p = |L+| of the negative and positive parts of L.
For non-negative integers n, r by n r we denote the cardinality of the set of r-element subsets of an nelement set. It is clear that
otherwise.
The numbers n r will be called binomial coe cients. The following properties of binomial coe cients are well-known (see, e.g. [3, §5.1]).
Lemma 5.1. For any non-negative integer numbers m, n, k we get
In the following theorem we calculate the cardinality of the set K L of Kuratowski words. 3. To calculate the number of W+-words, x any W+-word w ∈ W+ and write it as an alternating word can be proved by analogy with the preceding proof. 
By the preceding items
|K L | = |L| + |V ∓ | + |V±| + |W−| + |W+| = + n + p + |V ∓ | + |W−| + |V±| + |W+| = = + n + p + n− a= p− b=
An asymptotics of the sequence K(n)
In this section we study the asymptotical growth of the sequence K(n) = K(n, n) and prove Theorem 1.3 announced in the Introduction as a corollary of the following results.
and observe that lim
For every n ≥ put k(n) = K(n)/ n n and observe that
, and k( ) = < . Suppose now that for some n ≥ we have proved that k(n − ) ≤ .
We shall use the following two lemmas. Lemma 6.2. For each < a ≤ n we have c a, (n) < −a .
Proof. This lemma follows from the equality c a, (n) = n(n− )···(n−a+ ) n( n− )···( n−a+ ) and the inequality ( n − l) > (n − l) holding for all < l ≤ n.
, c , (n) = / , and c
. Routine transformations show that the inequality in the lemma are equivalent to < n, which holds for n ≥ . Proof. The equality (1) implies that
Now we have that
By Stirling's approximation, n! = n e n√ πn( + o( )), which yields the second equality in Theorem 1.3.
Representing elements of Kuratowski monoids by Kuratowski words
Let 
A word w ∈ FS L is called irreducible if w has the smallest possible length in its equivalence class [w]∼ = {u ∈ FS L : u ∼ w}. Since the set of natural numbers is well-ordered, for each element x ∈ K there is an irreducible word w ∈ FS L such that x = π(w). Consequently, the cardinality of K does not exceed the cardinality of the set of irreducible words in FS L .
Theorem 7.1. Each irreducible word in FS L is a Kuratowski word. Consequently, π(K
Proof. We divide the proof of Theorem 7.1 into a series of lemmas. Proof. Since L is linearly ordered, either x ≤ y or y ≤ x. If x ≤ y, then multiplying this inequality by x, we get x = xx ≤ xy. On the other hand, multiplying the inequality y ≤ by x, we get the reverse inequality xy ≤ x = x. Taking into account that x ≤ xy ≤ x, we conclude that x = xy. If y ≤ x, then multiplying this inequality by y, we get y = yy ≤ xy. On the other hand, multiplying the inequality x ≤ by y, we get xy ≤ y = y. Taking into account that y ≤ xy ≤ y, we conclude that xy = y = min{x, y}.
By analogy we can prove: Lemma 7.3. For any elements x, y ∈ L+ ∪ { } we get xy = max{x, y}.
Proof. If x ≤ y, then multiplying this inequality by y, we obtain xy ≤ yy = y. On the other hand, multiplying the inequality ≤ x by y, we get y = y ≤ xy. So, xy = y = max{x, y}.
If y ≤ x, then after multiplication by x, we obtain xy ≤ xx = x. On the other hand, multiplying the inequality ≤ y by x, we get x ≤ xy and hence xy = x = max{x, y}.
Recall that a word x . . . xn ∈ FS L is alternating if for each natural number i with ≤ i < n the doubleton {x i , x i+ } intersects both sets L − and L+. According to this de nition, one-letter words also are alternating. Lemmas 7.2 and 7.3 imply: Lemma 7.4. Each irreducible word w ∈ FS L is alternating.
The following lemma will help us to reduce certain alternating words of length 4. 1) x , x ∈ L− and x , x ∈ L+. In this case the equalities x x = x and x x = x imply that x ≤ x and x ≤ x (see Lemmas 7.2 and 7.3). To see that x x x x = x x , observe that
On the other hand,
These two inequalities imply the desired equality x x x x = x x .
2) x , x ∈ L+ and x , x ∈ L−. In this case the equalities x x = x and x x = x imply that x ≥ x and x ≥ x (see Lemmas 7.2 and 7.3). To see that x x x x = x x , observe that
These two inequalities imply the desired equality x x x x = x x . Now we are able to prove that each irreducible word w ∈ FS L is a Kuratowski word. If w consists of a single letter, then it is trivially Kuratowski and we are done. So, we assume that w has length ≥ . By Lemma 7.4 the word w is alternating and hence can be written as the product w = x k · · · xn for some k ∈ { , } and n > k such that x i ∈ L− for all integer numbers i with k ≤ i ≤ n, and x i− ∈ L+ for all integer numbers i with
Let m be the smallest number such that k ≤ m ≤ n and 
Separation of Kuratowski words by homomorphisms
In the preceding section we proved that any element of a Kuratowski monoid K with a linear generating set L can be represented by a Kuratowski word w ∈ K L . In this section we shall prove that Kuratowski words can be separated by homomorphisms into the Kuratowski monoids of suitable -topological spaces.
Given an n-topological space X = X, (τ i ) i∈n , observe that the linear generating set
This observation motivates the following de nition. A *-linearly ordered set is a linearly ordered set L endowed with an involutive bijection * : L → L, * : → * , that has a unique xed point ∈ L and is decreasing in the sense that for any elements x < y in L we get x * > y * . Each *-linearly ordered set L is pointed -the unit of L is the unique xed point of the involution * : L → L. Observe that the structure of a *-linearly ordered set L is determined by the structure of its negative part L−.
A map f : L → Λ between two *-linearly ordered sets L, Λ will be called a *-morphism if f is monotone (in the sense that for any elements x ≤ y of L we get f (x) ≤ f (y)) and preserves the involution (in the sense that f (x * ) = f (x) * for every x ∈ L. Since f ( ) = f ( * ) = f ( ) * , the image f ( ) of the unit of L coincides with the unit of Λ). Observe that each *-morphism f : L → Λ is uniquely determined by its restriction f |L−.
For a *-linearly ordered set L, the involution * : L → L of L has a unique extension to an involutive semigroup isomorphism * : FS L → FS L of the free semigroup over L. The image of a word w ∈ FS L under this involutive isomorphism will be denoted by w * . Let X = (X, T) be a polytopological space and
be the linear generating set of the Kuratowski monoid K(X) of X. Observe that each topology τ is determined by its interior operatorτ (since τ = {τ(A) : A ⊂ X}). This implies that the interior operatorsτ, τ ∈ T, are pairwise distinct. The same is true for the closure operatorsτ, τ ∈ T. This allows us to de ne a bijective involution * : L(X) → L(X) lettingτ * =τ andτ * =τ for every τ ∈ T. This involution turns L(X) into a *-linearly ordered set.
Let L be a *-linearly ordered set. Choose any point c / ∈ L and consider the free semigroup FS L∪{c} over the set L ∪ {c}. This semigroup consists of words in the alphabet L ∪ {c}. Let X = (X, T) be a polytopological space and L(X) be the linear generating set of the Kuratowski monoid K(X) of X. Let c X : P(X) → P(X), c X : A → X \ A, denote the operator of taking complement.
The homomorphismf will be called the Kuratowski extension of f .
Observe thatf (K L ) ⊂ K(X). In the semigroup FS L∪{c} consider the subset Proof. In most of cases the underlying set of the -topological space X will be a set X = {x, y} containing two pairwise distinct points x, y and the topologies of X are equal to one of four possible topologies on X: -τ d = ∅, {x}, {y}, X , the discrete topology on X;
-τa = ∅, X , the anti-discrete topology on X;
-τx = {∅, {x}, X};
-τy = {∅, {y}, X}.
Fix any two distinct words u, v ∈ K L and consider four cases.
In this case consider the 2-topological space X = X, (τa , τ d ) . Then for the
In this case take the 2-topological space X from the preceding case and observe Since u ≠ v, the number k = min{i ≥ : u i ≠ v i } is well-de ned and does not exceed max{p, q}. It follows from u = v that k ≥ . By the de nition of k we also get the equality u k− . . . u = v k− . . . v . First we consider the case u k− = v k− ∈ L+. Since u k ≠ v k , we lose no generality assuming that u k < v k . Since u, v are alternating words, the inclusion
Two cases are possible. 3ba) u k < u k− (this case includes also the case of k = in which u < = u − ). Since u ∈ K L , the inequality u k < u k− implies that the sequence (u k− i ) ≤i≤ k is strictly increasing in L− and the sequence 3baaa) v * k+ ≤ u k . In this case consider the 2-topological space X = X, (τa , τy) where X = {x, y} and de ne the *-morphism f : L → L(X) assigning to each ∈ L− the operator
Consider the subset A = {x} ⊂ X. Since the sequence (u k− i ) ≤i≤ k is strictly increasing in L−, for every positive
Observe thatû k · · ·û (A) =û k (A) =τy(A) = ∅ and henceû(A) = ∅. On the other hand, the inequality
In this case consider the 2-topological space X = X, (τa , τx) where X = {x, y} and de ne a *-morphism f : L → L(X) assigning to each ∈ L− the operator
Consider the subset A = {x} ⊂ X. Since the sequence ( 
Also consider the subset A = {x} in the 2-topological space X. Taking into account that u k < v k ≤ v k+ i for any i ∈ Z with ≤ k + i ≤ q, we conclude thatv k+ i = X . On the other hand, for every i ∈ Z with ≤ k + + i ≤ q we getv k+ + i ∈ {τy , X } and hencev k+ + i (A) ∈ {τy(A) So, now we consider the case:
This case is more di cult and requires to consider a set X = {x, y, z} of cardinality |X| = endowed with the topologies: -τx,z = ∅, {x}, {z}, {x, z}, X , -τx,z,yz = ∅, {x}, {z}, {y, z}, {x, z}, X , -τx,z,xy = ∅, {x}, {z}, {x, y}, {x, z}, X}.
In X consider the subset A = {x}.
The inequality u k− ≤ u k ∈ L− and the inclusion u ∈ K L imply that the sequence u k− + i 
Consider the subset A = {x} of X. Observe that for every ∈ L we get {x} ⊂ˆ ({x}) ⊂ˆ ({x, y}) ⊂ {x, y}. Then 
Consider the subset A = {x} of X. It follows that This completes the proof of case (3) under the assumption
For these dual words we get
In this case the preceding proof yields an -topological space X and a *-morphism
Finally, consider the case: 
. If the set L− has nite cardinality n, then the Kuratowski monoid K(X) of X has cardinality |K(X)| = K(n, n) = K(n) and the full Kuratowski monoid 
We lose no generality assuming that for any distinct pairs (u, v), (u , v ) ∈ K L \ ∆ the sets Xu,v and X u ,v are disjoint. This allows us to consider the disjoint union
For every ∈ L− consider the topology τ on the set X generated by the base {τu,v( ) :
We claim that the L−-topological space X = (X, τ) (which is the direct sum of L−-topological spaces X − u,v ) and the subset A ⊂ X have the desired property: for any two distinct words u, v ∈ K L we getû(A) ≠v(A), wherê u andv are the images of u and v under the (unique) semigroup homomorphism π :
This means that the restriction π :
. This means that the homomorphism π maps bijectively the set K L onto K(X) and the set
If the set L− has nite cardinality n, then the set K L has cardinality
Free Kuratowski monoids
In this section we shall discuss free Kuratowski monoids over pointed linearly ordered sets. The partial order ≤ of the Kuratowski monoid K induces the compatible partial preorder on FS L de ned by u v i f (u) ≤f (v). The monotonicity of f implies that the partial preorder contains the linear order of the set L. Then the minimality of the partial preorder implies that ⊂ . This allows us to nd a unique monotone semigroup homomorphismf : 
Now we prove that the congruence ρ on FS L determining the free Kuratowski monoid can be equivalently de ned in a more algebraic fashion. 
and the inequalityĝ •ẽ(u) ≠ĝ •ẽ(v) imply thatf (x) ≠f (y).
In fact, Proposition 9.5 can be improved as follows. 
